We consider a (4+2k) -dimensional Einstein-Gauss-Bonnet model with the cosmological Λ-term. Exact stable solutions with three constant Hubble-like parameters in this model are obtained. In this case, the multidimensional cosmological model deals with three factor spaces: the external 3-dimensional "our" world and internal subspaces with dimensions k 1 = k and k 2 = k.
Introduction
In this paper we consider a D-dimensional gravitational model with Gauss-Bonnet term and cosmological term Λ, which extends the model with cosmological Λ term.
In modern theoretical cosmology there are two important problems. The first problem is the dark side of our Universe. Recent astronomical observations show that our Universe is spatially flat with ∼ 23% of its critical energy in non-relativistic cold dark matter and ∼ 73% having a large negative pressure (dark energy). The existence of dark energy calls the acceleration of the expansion of our Universe, which continues to the present. The second important problem is the possibility of the existence of additional dimensions of the Universe, which follows from string theories. The idea of multidimensionality of our Universe, which follows from the strategy of unified theory of fundamental interactions, is one of the most interesting ideas of theoretical physics. The idea has its origin from the innovative works of T. Kaluza and O. Klein. In 1919, once after the creation of the general relativity, Theodore Kaluza proposed to geometrize the electromagnetic field in the spirit of Einstein theory by increasing the number of spatial dimensions by one. In O. Klein's ideas, the 5-dimensions was applied to generalize the relativistic wave equation for a massive particle to the case of a 5-dimensional theory. And now the most self-consistent modern theories, such as superstrings, supergravity, and M-theory, are built on the basis of the theory of multidimensional spacetime. Various fruitful ideas of multidimensional gravity are widely used in numerous modern works. So, there is a promising assumption to explain dark energy and the accelerated expansion of our Universe with the help of extra dimensions. It is well known that the dynamical behavior of internal spaces usually leads to variations in the effective gravitational constant ([1] - [3] ) and references therein. Such variations have strong experimental estimates [4] . So, one of the main problems of more voluminous models is the stable compactification of interior spaces. The scale factors of internal spaces play the role of scalar fields moving in our four-dimensional space-time. In this paper, we consider a nonlinear gravitational multidimensional cosmological model with the action (2.3) given below. Each of the spaces has its own scale factor.
The setup
Here the metric
is defined on the manifold
where w = ±1, ǫ i = ±1, i = 1, ..., n. The manifold M is defined as product of one-dimensional manifolds M 1 , ..., M n . The functions γ(u) and β i (u) are smooth in the open real set R * = (u − , u + ). The metric (2.1) is cosmological for w = −1, ǫ 1 = ǫ 2 = ... = ǫ n = 1 and for physical applications the manifolds M 1 , M 2 and M 3 are equal to R and the other manifolds are considered as compact sets. In our model, the action is expressed as
where g = g M N dz M ⊗ dz N is the metric defined on the manifold M, dimM = D, |g| = |det(g M N | and
is the standard Gauss-Bonnet term and α 1 , α 2 are nonzero constants. Further we denote α = α 2 α 1 . Today in cosmology, active research is being conducted based on experimental data. The main goal of research in cosmology is the correct description of the evolution of the Universe since the (hypothetical) "big bang". Certain results have been obtained in the field of the study of the evolution of the (so-called) "early universe". Various experimental results have confirmed that inflation accurately describes these early stages of evolution. Currently there are sufficiently convincing arguments that explain the accelerated expansion of the universe. The mathematical description of cosmology is provided by the Einstein equations. The introduction of branes into cosmology has given another new approach to our understanding of the Universe and its evolution. In cosmology on branes, it is proposed that our observable universe is a three-dimensional surface embedded in a space of higher dimension.In cosmology, branes need to consider gravity in higher dimensions. Based on Gauss-Bonnet gravity, another consistent multidimensional theory of gravity with a more general action is obtained, and this action is expressed using string theory.
In this case, we need solutions of multi-dimensional Gauss-Bonnet gravity in the bulk space-time. The Gauss-Bonnet term added to the Einstein-Hilbert term gives the most common action in a multidimensional model with second-order field equations, as shown by Lovelock [5] . In multidimensional theories governed only by metric GB term is present in the bulk action which is presented by formula (2.3) below. In the classical Gauss-Bonnet theory, α can have any sign. It was shown in [6] that, for the Gauss Bonnet worlds, a negative α value leads to the appearance of antigravity or tachyon modes on the brane. The cosmology of Gauss-Bonnet gravity has been studied in detail in a number of papers and at present such exact analytical solutions as cosmological ([7] - [13] ), centrally symmetric (generalization of Schwarzschild metric based on the Einstein-Gauss-Bonnet gravity) ( [14] - [16] ) and wormhole ([17] - [19] ) solutions have been obtained. The Gauss-Bonnet gravity has been improved in view of physical applications. In ref. [20] , observational constraints on the Gauss-Bonnet gravity are discussed in view of Planck satel-lite data. Lagrange multipliers for the Gauss-Bonnet gravity are considered in ref. [21] . Cosmological inflation in the theory of Gauss-Bonnet gravity f (R, G) is discussed in ref. [22] .
Here we are dealing with the cosmological solutions with diagonal metrics (of Bianchi-I-like type) governed by n scale factors depending upon one variable, where n > 3. Morever, we restrict ourselves by the solutions with exponental dependence of scale factors (with respect to synchronous variable t).
Latest astronomical observations allege that our Universe is expanding with acceleration. The 3-dimensional exponential expansion of the Universe is described by following Hubble-like parameters:
The integrand in (2.3), by substituting the metric (2.1) , is expressed as a follow:
Here terms L 1 and L 2 read as follows [13] :
where
Here a 2-linear symmetric form is used in the mini-supermetric -2 -metric of pseudo-Euclidean signature:
and a 4-linear symmetric form -Finslerian 4-metric:
with components
The function f (u) in (2.7) is irrelevant for our consideration (see [23] , [24] ) and we denoteȦ = dA du . With help of following identities ( [23] , [24] ) we can derive (2.8) -(2.10):
The following form of the equation of motion is got from the action (2.3):
(2.20) Now we put w = −1, and the follow set of polynomial equations is taken from the equations of motion for the action (2.3)
A set of forth-order polynomial equations is got for n > 3.
In the set of equations (2.21) and (2.22) can be found an isotropic solution v 1 = · · · = v n = H for Λ = 0 and n > 3 only if α < 0 [23, 24] . This solution was spread in [9] to the case Λ = 0.
In the articles [23, 24] was shown that there are no more than three different numbers among v 1 , . . . , v n when Λ = 0. And it was proven that it is valid also for Λ = 0 if n i=1 v i = 0.
3 Exponential solutions with the three Hubblelike parameters
We start this section with more general task (which will be a subject of another paper), i.e the task to find a class of solutions to the set of equations (2.21), (2.22) of the following form:
where H is the Hubble-like parameter corresponding to an 3-dimensional factor space. The Hubble-like parameters of k 1 -dimensional and k 2 -dimensional factor spaces with k 1 > 1 and k 2 > 1 are accordingly h 1 and h 2 . Note that in our considered model h 2 = h 1 . The Hubble-like parameter H describes expanding of "our" 3d space while the next parameters h 1 and h 2 describe expanding or contraction of (k 1 + k 2 )-dimensional internal space. We assume
for a description of an accelerated expansion of a 3-dimensional subspace (which may describe our Universe). The (so-called) "our" 3-dimensional factor space is expanding with the Hubble parameter H > 0, while the k i -dimensional internal factor space is contracting with the Hubble-like parameter h i < 0, where i is either 1 or 2 as shown in the ansatz (3.1).
Then we consider the ansatz (3.1) with Hubble-like parameters H, h 1 and h 2 which imposed the following restrictions:
It was shown in ref. [26] that the set of (n + 1) polynomial equations (2.21), (2.22) with ansatz (3.1) and restrictions (3.3) imposed is reduced to a set of fourth, second and first order polynomial equations, accordingly:
As it was proved in [26] by using results of ref. [27] (see also [8] ), the exponential solutions with v from (3.1) and k 1 > 1, k 1 > 2 are stable if and only if
Above we use the relation (3.6).
Exact stable solutions in (3 + 2k)-dimensional case
In our further research, the solutions to the set of equations of motion are presented in the form:
where k 1 = k 2 = k > 3 and H is the Hubble-like parameter that corresponds to the 3-dimensional our subspace and the h 1 , h 2 are Hubble-like parameters that correspond to the internal subspaces of dimensions k 1 and k 2 , respectively. The following conditions must be imposed on the solutions: A) H > 0. In this model "our" 3-dimensional world is expanding with acceleration. Therefore, the Hubble-like parameter corresponding to this world should be positive. The remaining dimensions are considered as an internal subspace dimensions. B) And it can also be noted that our considered model is anisotropic. Therefore, there is an unambiguous expansion in our 3-dimensional world and the rest of the internal dimensions either have a contraction, or an expansion in some dimensions and a contraction in the other internal dimensions. From such considerations follows the need to comply with next condition: B.1) (h 1 < 0, h 2 < 0) -a contraction in the internal subspace; B.2) (h 1 < 0, h 2 > 0) -a contraction in the internal k 1 -dimensions and an expansion in the internal k 2 -dimensions; B.3) (h 1 > 0, h 2 < 0) -an expansion in the internal k 1 -dimensions and a contraction in the internal k 2 -dimensions.
We note that the solutions with H > 0, h 1 > 0, h 2 > 0 do not appear in our consideration due to relation (3.16) .
Once our results have complied with the above conditions, from (3.5) the following solutions are obtained in case (m, k 1 , k 2 ) = (3, k, k):
By substitution of (3.10) and λ = Λα, X = αH 2 into relation (3.4) we get the following expression:
We find the roots of the quadratic equation and get the following results: 
The relation 
and further, as our calculations show, each value of four solution of H corresponds to two values of the solution h 1 (see (3.10) ) and one number of the solutions h 2 (see (3.16) ). Therefore, the eight number of the set of real solutions can be found and as it is shown in our calculations, among of them four solutions are unstable. Therefore, the imposition of the stability condition and the conditions A), B) reduce the number of the set of stable real solutions to four: 1)
The interval of λ, which occured the solutions H > 0, h 1 < 0 and h 2 < 0 is:
< λ < 33 160 and the solutions H > 0, h 1 > 0 and h 2 < 0 are existed in the interval of λ:
37 240 < λ < 30 160 .
2)
The interval of λ, which occured the solutions H > 0, h 1 < 0 and h 2 < 0 is: 3)
(4.10)
The interval of λ, which existed the solutions H > 0, h 1 > 0 and h 2 < 0 is:
(4.14)
The interval of λ, which existed the solutions H > 0, h 1 < 0 and h 2 > 0 is:
< λ < 5 32
4.2 k 1 = k 2 = k = 6 and α > 0
In this case similar calculations are done as in the previous. So, in the set of dimensions (m, k 1 , k 2 ) = (3, 6, 6) , solving the set of polynomial equations (3.4) -(3.6), one can obtain similar formulas and expressions as in the set of dimensions (m, k 1 , k 2 ) = (3, 5, 5) . In this set of dimensions from (4.1) we get four real solutions for H and for each value of four solution of H corresponds to two values of the solution h 1 (see (3.10) ) and four numbers of the solutions h 2 (see (3.16) ). Finally, eight number of the set of real solutions are founded. As our calculations show, four of them are unstable. Therefore, the imposition the stability condition and the conditions A), B) reduce the number of the set of stable real solutions to four: 1)
The interval of λ, which occured the solutions H > 0, h 1 < 0 and h 2 > 0 is:
2) 
The interval of λ, which occured the solutions H > 0, h 1 > 0 and h 2 < 0 is:
3) 
The interval of λ, which existed the solutions H > 0, h 1 < 0 and h 2 < 0 is: 108 560 < λ < 119 560 and the solutions H > 0, h 1 < 0 and h 2 > 0 are occured in the interval of λ: 83 560 < λ < 108 560 .
Simulation by solution with anisotropic fluid
The obtained solutions may be simulated by solutions with anisotropic fluid in the (4 + 2k)-dimensional model with anisotropic fluid instead of Gauss-Bonnet and Λ terms. Thus, here consider the model with anisotropic fluid. This model is given by (4 + 2k)-dimensional Einstein-Hilbert equations
where κ 2 > 0 is (4 + 2k)-dimensional gravitational constant.
Here the energy-momentum tensor reads where w a = const, a = 0, 1, 2 and ρ = 0. It may be shown by a straightforward verification that with the choice
we get the same solution for the metric with three Hubble-like parameters as was obtained above (in our EGBΛ model).
It is of interest to generalize this trick to solutions with an anisotropic fluid in the theory of gravity f (R, G) which are considered by many authors. We note, that in the article [28] it was shown that, in the n-dimensional Friedmann-Robertson-Walker metric, it is rigorously shown that any analytical theory of Gauss-Bonnet gravity f (R, G) where R is the curvature scalar and G is the Gauss-Bonnet term, can be associated to a perfect-fluid stressenergy tensor. One may think, that in this perspective, dark components of the cosmological Hubble flow can be geometrically interpreted.
Variation of G
Astronomical observations and studies of type Ia supernovae [29, 30] indicate that the Universe has been recently accelerating and decelerating at earlier stages. The Friedmann model of the Universe without a cosmological constant Λ and with zero curvature can not explain this evolution of the Universe [31] . The accelerated expansion of the Universe can be explained with the existence of dark energy with negative pressure, the simplest possibility is the introduction of a cosmological constant [32] . The modification theory of gravity is an alternative way to the theory of gravity, for example, considering that the effective gravitational constant G changes with time.
Recall that the hypothesis of the time variation of the gravitational constant was first expressed in the work of P.A.M. Dirac in the framework of his Large Number hypothesis [33] and later developed in [34] in the framework of the alternative theory of gravity. It is worth mentioning that many theoretical approaches, such as multi-dimensional gravity models, string theories or scalar-tensor models of quintessence, contain a built-in mechanism for a possible time variation of the couplings.
The dimensionless parameter of variation of (effective) gravitational constant (in Jordan frame) [35, 36, 37, 38] So far, experimental data had shown that the variation of the gravitational constant is allowed at the level of 10 −13 per year and less. Here the following constraint on the magnitude of the dimensionless variation of the effective gravitational constant has used: − 0, 63 · 10 −3 <Ġ GH < 1, 13 · 10 −3 . (6.
It comes from the most stringent limitation onĠ obtained by the set of ephemerides [39] − 0, 42 · 10 −13 yr −1 <Ġ/G < 0, 75 · 10 −13 yr −1 (6.3) allowed at 95% confidence (2σ) level and the present value of the Hubble parameter [40] H 0 = (67, 3 ± 2, 4) km/s Mpc −1 = (6, 878 ± 0, 245) · 10 −11 yr −1 , (6.4) with 95% confidence level (2σ).
In what follows we denote λ = Λα, α > 0. 
Conclusions
We have considered the (4+2k)-dimensional Einstein-Gauss-Bonnet (EGB) model with the Λ-term. By using the ansatz with diagonal cosmological metrics, we have found for D = 4+2k, α = α 2 /α 1 > 0 and certain λ = αΛ a class of solutions with three Hubble-like parameters H > 0, h 1 , and h 2 corresponding to submanifolds of dimensions m = 3, k 1 = k and k 2 = k, respectively. The obtained solutions are exact and stable. As we know, stability plays a predominant role in exact solutions of a set of equations. Therefore, we assume to study the obtained solutions in our next paper.
